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Nomenclature
c D fc1; c2; : : : ; cm g = vector of undetermined coef� cients
f = force vector
K, x = perturbed stiffness matrix and

displacement vector
K0 , 1K = baseline stiffness matrix and its

perturbation
Km = Krylov subspace of order m
m = number of basis vectors
n = number of degrees of freedom
p = rank of 1K
q j = index of the j th eigenvalue
r .K/ = minimal polynomial of matrix K
r0 = residual error vector
s = number of distinct eigenvalues of K
x0, 1x = baseline displacement vector and its

perturbation
¸ j = j th eigenvalue of K
W D [Ã1; Ã2; : : : ; Ãm ] = matrix of basis vectors

Introduction

I N 1991 Kirsch1 proposed a reduced basis technique for static
reanalysis of structural systems. It was shown that the terms of a

binomial series expansion (also referred to as the Neumann series)
can be used as basis vectors for accurately approximating the static
response for large changes in the design variables. The Neumann
series can be interpreted as a local approximation method with a
limited radius of convergence.Because the technique proposed by
Kirsch combines this local approximation series with the global
characteristics of the reduced basis method, it was dubbed as the
combined approximations (CA) technique.

Over the last decade a number of studies on the application of
the CA technique as well as its extensionshave been reported in the
literature. Examples include static sensitivity analysis,2 reanalysis
of structures subjected to topological modi� cations,3;4 structural
optimization,5;6 and damage-tolerant design.7 Further insights into
the CA technique and orthogonalizationprocedures to improve its
numerical stabilityhave been presentedby Kirsch8;9 and Kirsch and
Papalambros.10

Very few papers in the literature have rigorously examined
why the CA technique gives high-quality approximations for large
changes in the design variables. The only exception appears to be
a recent study by Akgün et al.,11 who examined the relationship
between the Sherman–Morrison–Woodbury (SMW) formula and
some static reanalysis techniques. It was shown that the CA tech-
nique is mathematically equivalent to the SMW formula for a
particular choice of basis vectors.

The objectiveof this Note is to examine the equivalencebetween
the CA techniqueand Krylov subspacemethods. It is shown that the
CA technique is a preconditionedKrylov subspace method. Based
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on this connection, it is brie� y outlined why the CA techniquewill
converge to the exact solution when the number of basis vectors is
increased. The rami� cation of the present research on the practi-
cal issue of integrating static reanalysis techniques with structural
optimization procedures is also discussed.

Combined Approximations Technique
Consider the matrix system of equations for static equilibriumof

a modi� ed linear structural system

.K0 C 1K/.x0 C 1x/ D f (1)

where K0 and 1K 2 Rn £ n denote the baseline stiffness matrix and
its perturbation,respectively;x0 D K¡1

0 f 2 Rn is the displacementof
the baseline structure correspondingto the force vector f 2 Rn; and
1x 2 Rn denotes the perturbationof the displacement vector.

The static reanalysis problem involves computing 1x using the
data available from analysis of the baseline structure, without ex-
plicitly solving Eq. (1) in its exact form. Henceforth, the perturbed
stiffness matrix and the correspondingperturbed displacementvec-
tor will be denoted as K D K0 C 1K and x D x0 C 1x, respectively.

The Neumann series for the solution of Eq. (1) can be written as

x D
1X

i D 0

.¡1/i
¡
K¡1

0 1K
¢i

x0 (2)

Note that the Neumann series will converge only when
kK¡1

0 1Kk < 1 or ½.K¡1
0 1K/ < 1, where ½ denotes the spectral ra-

dius. The CA technique attempts to improve the accuracyof Eq. (2)
by approximating the perturbed displacement vector as

Ox D c1Ã1 C c2Ã2 C ¢ ¢ ¢ C cmÃm D W c (3)

where Ãi D .K¡1
0 1K/i ¡ 1x0 2 Rn is the i th basis vector. W D

[Ã1; Ã2; : : : ; Ãm] 2 Rn £ m and c D fc1; c2; : : : ; cm gT 2 Rm denote
the matrix of basis vectors and the vector of undetermined coef-
� cients, respectively.

An alternative choice of basis vectors was proposed by Kirsch
and Liu3 for cases when Rank(1K) D p ¿ n. Here, the perturbed
stiffness matrix can be written as K D K0 C K1 C K2 C ¢ ¢ ¢ C Kp ,
where Ki 2 Rn £ n; i D 1; 2; : : : ; p is a rank one matrix. The dis-
placement of the baseline structure x0 is chosen as the � rst
basis vector. The subsequent p basis vectors are computed as
Ãi D K¡1

0 Ki ¡ 1x0; i D 2; 3; : : : ; p C 1.
The undetermined constants in the reduced basis can be com-

puted either using the Bubnov–Galerkin scheme or a residual er-
ror minimization approach. This involves imposition of any of the
constraints shown here:

K W c ¡ f ? W (4a)

K W c ¡ f ? K W (4b)

When the Bubnov–Galerkin scheme (4a) is used, the reduced-order
m £ m system of equations for the coef� cient vector c is given by
W T K W c D W T f . Similarly, application of the residual error min-
imization condition (4b) leads to an m £ m system of equations
W T KT K W c D W T KT f . Equation (4b) is equivalent to minimization
of the L2 norm of the residual error vector K W c ¡ f . The coef� cient
vector c computed by solving the system of reduced-order equa-
tions can then be used in conjunction with Eq. (3) to approximate
the static response.

If the alternativechoice of basis vectors discussed earlier is used
along with condition (4a), then it can be shown that the CA tech-
nique is equivalent to the SMW formula (see Akgün et al.11 for
details of the proof). Hence the perturbed displacement vector can
be computed exactly. It will be shown next that, when the terms of
the Neumann series are used as basis vectors, an equivalencecan be
shown with preconditionedKrylov subspace methods.
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Preconditioned Krylov Subspace Connection
Krylov subspace methods for iterative solution of linear systems

is an active area of research in numerical linear algebra, with a rich
history spanning more than 50 years (see Saad and Van der Vorst12

for an overviewof progressmade in the past century). The interested
reader is referred to the text by Saad13 for a detailed exposition.
For a comprehensiveoverview an introductory paper by Ipsen and
Meyer14 is highly recommended.Some of the well-known methods
in this class are Arnoldi’s method, the Lanczos method, and the
generalized minimal residual (GMRES) method.

In the context of solution of Eq. (1), Krylov methods seek to
approximate the displacement vector x using the af� ne subspace
d C Km.K; r0/, where

Km .K; r0/ D span
©
r0; Kr0; : : : ; Km ¡ 1r0

ª
(5)

denotes the Krylov subspace of order m, and r0 D Kd ¡ f 2 Rn

is the residual error vector when d 2 Rn is used as an initial
guess for the displacement vector. Clearly, a good initial guess
for static reanalysis would be d D x0 . This implies that the dis-
placement of the modi� ed structure can be approximated using
the terms x0; 1Kx0; K1Kx0; : : : ; Km ¡ 11Kx0 as basis vectors. As
shown next, preconditioningschemes can be employed to improve
the quality of these basis vectors.

Consider the case when the matrix K¡1
0 is used as a left pre-

conditioner for Eq. (1), which gives the transformed equation
K¡1

0 Kx D K¡1
0 f . This preconditioningscheme assumes that the de-

composed form of the baseline stiffness matrix is available. The
preconditioned matrix system of equations for static equilibrium
can be rewritten as

¡
I C K¡1

0 1K
¢
x D x0 (6)

The solutions of Eqs. (1) and (6) are the same. If the zero vector
is used as an initial guess for constructing a Krylov subspace for
the solutionof Eq. (6), then r0 D x0 . The left preconditionedKrylov
subspace can hence be written as

Km

¡
K¡1

0 1K; x0

¢

D span
©
x0; K¡1

0 1Kx0;
¡
K¡1

0 1K
¢2

x0; : : : ;
¡
K¡1

0 1K
¢m ¡ 1

x0

ª

(7)

A comparison of Eqs. (2) and (7) clearly shows that the m terms of
the Neumann series are identical to the left preconditionedKrylov
subspace. Based on this observation, equivalence between the CA
techniqueand variouspreconditionedKrylov subspacemethodscan
be readily shown. This is possible because the CA technique and
preconditionedKrylov methods use the same subspace for approxi-
mating the solutionvector.Note that the equivalencesuggestedhere
assumes exact precision arithmetic because the implementationde-
tailsof Krylovsubspacemethodsand the CA techniqueare different.

For example, consider the case when the terms of the Neumann
series are orthonormalizedusing the Gram–Schmidt algorithm, and
the Bubnov–Galerkin scheme (4a) is employed to compute the un-
determinedcoef� cients in the reducedbasis.Then the CA technique
becomesequivalentto a preconditionedversionofArnoldi’s method
for linear systems,15 when K is nonsymmetric.When K is symmet-
ric, the CA technique becomes equivalent to the preconditioned
Lanczos method for linear systems. If the residual error minimiza-
tion condition (4b) is employed to compute the coef� cients of the
reduced basis, then the CA technique is equivalent to the popular
GMRES algorithm.16

Convergence of the CA Technique
Based on the connections between the CA technique and Krylov

subspace methods outlined in the preceding section, it can now
be readily shown why the CA technique will converge to the exact
solutionwhen the number of basis vectors is increased.The analysis
presented in this section follows that in Ipsen and Meyer.14

First, considerthe notion of the minimal polynomialr of a square
matrix K, which can be de� ned as the unique monic polynomial of

minimal degree such that r .K/ D 0. Let the s distinct eigenvaluesof
K be denoted by ¸1; ¸2; : : : ; ¸s , and let q j denote the index of the
j th eigenvalue. (For a general matrix K, q j is the size of the largest
Jordan block associated with ¸ j . When K is diagonalizable, then
q D 6s

j D 1q j is the total number of distinct eigenvaluesof K, that is,
q D s.) Hence,

q D
sX

j D 1

q j ; r.t/ D
sY

j D 1

.t ¡ ¸ j /
q j (8)

Using the preceding equations,r.t/ can be rewritten as a polyno-
mial of the form

r .t/ D
qX

j D 0

® j t
j (9)

where the term

®0 D
sY

j D 1

.¡¸ j /
q j

is nonzero if the perturbed stiffness matrix is nonsingular.
The minimal polynomial of K hence becomes

r.K/ D
qX

j D 0

® j K j D 0 (10)

Assuming ®0 6D 0, the inverse of K can be written as

K¡1 D ¡
1

®0

qX

j D 1

® j K j ¡ 1 (11)

It can be clearly seen from Eq. (11) that the inverse of a nonsin-
gular matrix lies in the space spanned by the terms of the minimal
polynomial. Further, the desired solution vector K¡1f can be com-
putedusinga linearcombinationof the termsof the Krylov subspace
de� ned earlier in Eq. (5). The number of basis vectors required to
compute the exact solutionwill dependon the degree of the minimal
polynomial, that is, q. This observationcan now be formally stated
as follows14:

Theorem. If the minimal polynomial of a nonsingular matrix K
has degree q, then the solution to Kx D f lies in the Krylov subspace
Kq.K; f /.

For a generalmatrix K thedegreeof theminimalpolynomialcould
be rather high. To reduce the degree of the minimal polynomial, a
preconditioning scheme becomes useful. A good preconditioning
scheme will enable the computation of accurate approximations
using a small number of basis vectors.

Consider the case when K¡1
0 is used as the left precondition-

ing matrix. Here, the number of basis vectors required to compute
the exact solution will depend on the eigenspectrum of the matrix
D D K¡1

0 K D I C K¡1
0 1K. If D has few distinct eigenvalues or the

eigenvalues fall into k compact clusters, then high-quality approxi-
mations can be computed using around k basis vectors. This condi-
tion is clearly satis� ed when the perturbation1K is small because
all of the eigenvalues of D will then tend to be clustered around
unity, that is, from a numerical viewpoint D will tend to behave
like a matrix with one distinct eigenvalue. As is well known from
previous numerical studies,1 two basis vectors will give good ap-
proximations for this case. For large perturbations it is dif� cult to
determine a priori the number of basis vectors required to compute
the exact solution. However, procedures exist in the literature12 for
adaptively increasing the number of basis vectors to compute the
solution with desired accuracy.

Conclusions
It is shown that the combined approximations (CA) technique

proposed by Kirsch1 is a preconditionedKrylov subspace method.
This connectionenablesa better understandingof why the CA tech-
nique will converge to the exact solution when the number of basis
vectors is increased. Furthermore, research on issues such as er-
ror estimation, convergencerate, and termination criteria of the CA
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technique can also bene� t from existing and ongoing theoretical
work on preconditionedKrylov subspace methods.12;13

The present study also has an important rami� cation on the prac-
tical issue of integratingstatic reanalysis techniqueswith numerical
optimizationalgorithms.The success of the CA technique taken to-
gether with the observationsmade in the present research suggests
that it might be worthwhile to invest computational effort in con-
structinga good preconditioner.Because a large numberof repeated
analyses will be carried out during the optimization iterations, a
good preconditioningscheme can lead to a signi� cant improvement
in the overall ef� ciency of the optimization process. In practice, a
direct method can be employed to construct a preconditioner by
decomposing a baseline stiffness matrix. During the course of the
optimization iterations, structural analysis can then be carried out
using preconditionedKrylov solvers.

In this Note the issue of how to improve the CA technique was
not considered. However, it is expected that by employing ideas
from the conjugate gradient squared algorithm or its variants13 ac-
curate approximationscan be computed using a smaller number of
basis vectors. Detailed studies are required to fully explore such
possibilities.

It also appears that the extension of the CA technique to static
reanalysis of topologicallymodi� ed structures can be better under-
stood using the observations made here. Namely, the concept of
modi� ed initial stiffness matrix3;4 can be interpreted as a precondi-
tioning technique. It is expected that, by leveraging related work on
constructing preconditionersfor block-partitionedmatrices arising
in domain decomposition schemes, more ef� cient algorithms for
reanalysis of topologicallymodi� ed structures can be developed.
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